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SUMMARY 

An engineering procedure is presented for calculating the compressive buckling 
strength of isogrid cylinders using shell-of-revolution techniques and accounting for load- 
ing beyond the material  proportional limit and/or local buckling of the skin pr ior  to gen- 
eral buckling. A general nondimensional chart  (based on a nonlinear postbuckling analysis 
of a typical skin element) is presented which can be used in conjunction with formulas 
based on simple deformation plasticity theory to calculate postbuckling stiffnesses of the 
skin. The stiffening grid system is treated as an equivalent isotropic grid layer. Stiff- 
nesses  are determined for this grid layer,  when loaded beyond the proportional limit, by 
the same plasticity theory used for  the skin and a nonlinear s t ress -s t ra in  curve con- 
structed from simple isogrid-handbook formulas and standard-reference-manual s t r e s s -  
s t ra in  curves for  the material  involved. Comparison of prebuckling s t ra ins  and buckling 
resu l t s  obtained by this procedure with data from a large isogrid-cylinder tes t  is excel- 
lent with the calculated buckling load no more than 4 percent greater than the tes t  value. 

INTRODUCTION 

The isogrid concept for  stiffened s t ructure  has  been found to be efficient and prac- 
tical in such aerospace s t ructures  as launch-vehicle nose fairings, adapters,  cylindrical 
sections of propellant tanks, and in Skylab floor and wall panels. Isogrid structure has 
high-strength/mass-ratio potential and, with modern machining capabilities may see 
widespread use  in future aerospace applications. 
panels machined from solid-plate material  can be an economical alternative to conven- 
tional skin-stringer construction as well as a more efficient structure.  An engineering 
procedure is presented herein for calculating the compressive buckling strength of isogrid 
cylinders using shell-of-revolution techniques and accounting for loading beyond the mate- 
rial proportional limit and/or local buckling of the skin pr ior  to general buckling. The 
t e rm "isogrid" is used here  in the usual sense,  which implies that the cylinder wall is 
made up of a thin skin with integral stiffening members  (see ref. 2) that form a network 

As indicated in reference 1, isogrid 
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of equilateral triangles. The stiffening grid acts  as an isotropic material; thus, the grid 
properties can be averaged to form an equivalent-stiffness isotropic layer. For  some 
designs, however, the skin buckles at relatively low loading compared to the maximum 
load-carrying capability of the cylinder; thus, the postbuckling stiffness properties of 
the skin must be taken into account for  accurate analysis. This  paper will present gen- 
eral resul ts  in the form of char ts  which can be used for  determining such postbuckling 
skin-stiffness properties. 

In order  to demonstrate the applicability of this analysis procedure, a large isogrid 
~ 

cylinder which was previously tested (refs. 3 and 4) to buckling failure under axial and 
bending loads is analyzed. The tes t  result  is reported in reference 3 to be 48 percent of 
that predicted from a simple, general instability analysis using elastic material  properties 
and effective skin width. Since the primary utility of such a tes t  is to establish the accu- 
racy of analytical methods, however, a more refined analysis was performed which takes 
into account structural  behavior that cannot be handled in simplified analyses. Thus, the 
effectiveness of shell-of-revolution analysis is shown herein by accounting for such details 
as boundary conditions, asymmetric loading, prebuckling s t r e s ses  and deformations, plas- 
ticity, buckled skin, and initial imperfections. All of the aforementioned structural  
aspects are examined in  the present paper in order  to gain insight into the discrepancy 
between the simple theory and the tes t  results reported in reference 3. 

SYMBOLS 

cross-sectional area of typical stiffening grid member 

stiffness parameter (see eq. (9)) 

elastic modulus of material  

equivalent modulus of stiffening grid layer 

secant modulus 

tangent modulus 

extensional stiffnesses in x- and y-direction, respectively (see eqs. (4) 

and (5)) 

inplane shear  stiffness (see eq. (6)) 
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factor  related to onset of plasticity (see eqs. (15)) 

altitude of typical equilateral triangle formed by stiffening grid members  

cross-sectional moment of inertia of typical stiffener in isogrid 

plasticity factor defined by equation (13) 

applied bending mom en t 

inplane s t r e s s  resultants in axial and t ransverse directions, respectively 

buckling value of axia.1 inplane stress resultant determined from experiment 

number of circumferential waves for  buckling 

applied axial load through geometric center of cylinder c ros s  section 

radius of cylinder 

axial coordinate with origin at  cylinder midlength 

skin thickness 

thickness of equivalent stiffening grid layer 

displacements in x, y, and normal directions, respectively 

assumed initial imperfection of model for  Structural Analysis of General 
Shells (STAGS) nonlinear analysis (see eq. (17)) 

measured initial imperfection of test cylinder 

peak deviation of measured initial imperfection from average value 

axial and circumferential coordinates, respectively 

@ P X P  Py ,@P,y 

E strain 

plasticity factors defined by equations ( lo) ,  (1 1), and (12),  respectively 
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local buckling s t ra in  for equilateral triangular plate 

s t ra in  for  equivalent stiffening grid layer 

s t ra ins  in axial and circumferential directions, respectively 

€c r 

€eq 

Ex,'y 

Ex,cr?€y,cr 

e circumferential coordinate of cylinder 

P Poisson's ratio 

pe 

'J-W 

strains  in x- and y-directions, respectively, at skin local buckling load 

elastic value of Poisson's ratio 

Poisson's ratio for  equivalent stiffening grid layer 

Poisson's ratio associated with bending in  x- and y-direction, respectively cLx,Py 

U stress 

OC r local buckling s t r e s s  for  equilateral triangular plate 

stress for  equivalent stiffening grid layer eq U 

ANALYSIS PROCEDURE 

The general approach is a shell-of-revolution analysis with special treatment given 
t o  account for  the stiffening grid structure,  plasticity effects, and buckled skin. 

Shell-of -Revolution Model 

In the analysis procedure used herein the shell is modeled as an axisymmetric 
structure.  The Structures Research Associates (SRA) shell-of-revolution computer code 
(refs. 5 and 6) is used for  the analysis procedure, although several  other codes of s imi la r  
capability are available (see, for example, refs.  7 and 8) and could be used. The model- 
ing entails replacing the actual wall section such as that shown in detail A-A of figure 1 
with the equivalent two-layer shell wall shown to the right. As indicated, the stiffening 
grid is replaced by an equivalent-stiffness isotropic layer whose midplane is maintained 
at the same location as the center of gravity of a typical stiffening member. Likewise, 
the skin midplane location is maintained. In general, these two layers  will not be 
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contiguous; thus, in computer programs that process layer  properties to yield shell-wall 
bending stiffnesses it is convenient to introduce a third layer  of zero  stiffness. The 
function of this "fictitious" layer is simply to act  as a spacer  to f i l l  the gap between the 
two layers  of the equivalent shell wall shown in figure 1. Introducing this third layer will 
assure  that representative stiffnesses of the  isogrid wall including bending-coupling 
effects are achieved. 

Calculation of Layer Propert ies  

Elastic properties of stiffening grid. - The elastic isotropic properties of the equiv- 
alent stiffening grid layer are determined from the equations of reference 2, which can be 
written in the following form: 

EA3/2 
e q =  K E  E 

where Eeq is the equivalent modulus of elasticity, teq is the equivalent thickness, and 
peq is the equivalent Poisson's ratio. In these expressions, E is the elastic modulus 
of the material ,  A is the cross-sectional a r ea  of a typical stiffening grid member,  and 
I is its moment of inertia.  The quantity h in equation (1) is the altitude of a typical 
equilateral triangle formed by intersections of the stiffening grid members  (see fig. 1). 

Equivalent orthotropic constants for plastic deformations.- In cases  where the 
buckling s t ra in  is greater  than the proportional-limit s t ra in  of the material ,  the buckling 
load can be calculated by making use of the equations for orthotropic shell-wall stiffnesses 
based on deformation plasticity theory developed and presented in reference 9. These 
equations are also used herein to calculate the postbuckling stiffness of the isogrid skin 
by assuming that the buckled skin acts  as an isotropic plate strained beyond the propor- 
tional limit. The expressions for  the orthotropic stiffnesses are: 



1 - wxy 
= (1 - "p) 

where, for uniaxial stress, 

- 
4(1 - p2) 

In the preceding expressions Ex and Ey are the extensional stiffnesses in the longitu- 
dinal and circumferential coordinates, respectively, Gxy is the inplane shear  stiffness, 
and px and py are Poisson's ratios where pxEy = pyEx. The secant and tangent 

moduli, E,,, and Etan, a r e  evaluated at the buckling s t ra in  with the use of an appropri- 
ate s t ress-s t ra in  curve. The quantity p (eq. (14)) is calculated from the elastic value 
of Poisson's ratio, l e ,  and the elastic modulus, E, of the material  involved. 

Construction of 0-E curve for  equivalent stiffening grid layer.- A s t ress -s t ra in  
curve for the equivalent stiffening grid layer  of the shell wall can be constructed as indi- 
cated by the schematic curve in figure 2. The slope of the linear region of the curve is 
determined from equation (1). 
curve of the material  involved where the equivalent stress, aeq, and strain,  eeq, are 
given by the following equations: 

The nonlinear region is constructed from the s t ress -s t ra in  
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The factor, g, in these equations is related to the onset of plasticity and depends on the 
orientation of the stiffening grid system with respect to the loading. For an orientation 
as shown in figure 1 (assuming the cylinder to be loaded in axial compression) g is 
unity. It can be shown, however, that when the stiffening grid layout is rotated 90° with 
respect to the direction of loading, the onset of plastic deformation is delayed and g 
takes on a value of 3/2. The resulting s t ress -s t ra in  curve constructed by this method 
can be used in  conjunction with equations (4) through (14) to calculate the equivalent ortho- 
tropic constants when the grid experiences s t ra ins  beyond the proportional limit. 

Buckled-skin properties.- The equivalent orthotropic constants , equations (4) 
through (14), can also be used to describe the stiffness contributions of the buckled skin 
by assuming that the postbuckling response of the triangular skin plate can be treated in  
the same way as material  plasticity. A loading-strain curve was generated for  the skin 
(neglecting the effects of curvature) by performing a nonlinear analysis of a representa- 
tive triangular plate in  uniaxial compression using the STAGS computer code’ (ref. 10). 
The bifurcation load from a linear prebuckling s t r e s s  state was also determined with the 
STAGS code. In applying the STAGS code for both the bifurcation and nonlinear analyses 
it was convenient to represent the structure as the rectangular region shown in figure 3, 
which represents  the portion of skin shown in the inset. (Due to structural  symmetry the 
behavior of the model shown should be representative of the structure.) The edges at 
y = 0 and y = h are assumed to have zero normal deflection and constant v-deflection 
to approximate the restraint  of the actual stiffening grid members.  The edges at x = 0 

h and x = - have zero  slope due to symmetry and are allowed constant u-deflections. 

Along the diagonal it is assumed that zero normal deflection, w = 0, approximates the 
restraint  of a diagonal stiffening grid member. The particular model shown in figure 3 
is analyzed for  the case of loading in the x-direction and has  an 11 x 11 finite-difference 
grid. The case for  loading in the y-direction was also examined with a model having a 
9 x 15 finite-difference grid. The loading for  both cases  is applied as a uniform inplane 
edge displacement (u = Constant o r  v = Constant) which approximates a uniform strain 
field f o r  either N, or Ny loadings. From the STAGS bifurcation analysis it was found 
that the buckling stress for  an equilateral triangular plate, loaded in  uniaxial compression 
in  either the x- or the y-direction, can be calculated by the following equation: 
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In order  to perform a STAGS nonlinear analysis of the model shown in figure 3, a 
small  initial imperfection must be assumed to tr igger the postbuckling response. For 
this analysis a shape that approximates the buckling mode was used which is given by the 
following equation: 

wi = O.OOOOI sin [:(fix - y j  sin - TY 
h 

The variation of the average inplane s t r e s s  resultant, Nx, with respect to s t ra in  in  
the x-direction is shown by the solid curve in  figure 4. The abrupt changes in  the curve 
correspond to the onset of buckling and changes in buckle pattern and, since the symmetric 
boundary conditions at x = 0 and x = - exclude antisymmetric buckling modes in  the 

x-direction, the first abrupt change after buckling occurs as the mode pattern changes 
from one to three half waves and the next occurs at the change from three to five half 
waves. Additional mode changes could not be detected although they probably would appear 
if a very fine finite-difference grid were used. Thus, it should be realized that the curve 
is only approximate in the very high s t ra in  range. On the other hand, it is not clear that 
these mode changes would actually occur at the load levels indicated but may be consider- 
ably delayed. Such mode changes have been observed in long rectangular panels (ref. 11) 
but were not observed in the isogrid cylinder test of reference 4. 

h 
i3 

The dashed curve in figure 4 represents  the variation of inplane stress resultant, 
Ny, with respect to strain,  As can be seen, the two models behave similarly in  the 
mutual range of loadings investigated. Thus, it is assumed that a single s t ress-s t ra in  
curve representing loading in either direction is applicable for estimating the buckled- 
skin properties. This curve is presented in  figure 5 where the stress is nondimensional- 
ized with respect to the bifurcation s t r e s s ,  ocr, and the s t ra in  is nondimensionalized with 
respect to  the s t ra in  at the bifurcation load, eCr; thus, this chart  may be generally applied 
to any equilateral triangular plate in uniaxial compression. It should be remembered when 
using the curve in figure 5 that some accuracy is probably lost a t  large values of €/eCr; 
therefore, this portion of the curve is shown as a dashed line. 

cy. 

In order  to calculate the equivalent orthotropic constants for  the buckled skin using 
equations (4) through (14), the values of Esec and Etan are required. Figure 6 gives 
the variations of the respective moduli as a function of strain. The moduli are nondimen- 
sionalized with respect to the elastic material  modulus, E. As with figure 5, figure 6 
is also generally applicable to any equilateral triangular plate in uniaxial compression. 

Calculation of Buckling Load 

Once the s t ress-s t ra in  curves are determined for  the skin and equivalent stiffening 
grid layer throughout the s t ra in  range of interest ,  the curves can be combined to obtain a 
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loading-strain curve that represents  the behavior of the cylinder wall. The calculation 
of the buckling load proceeds as follows: a s t ra in  is assumed and the corresponding stiff- 
ening grid layer properties are determined for this s t ra in  from equations (4) through (8) 
applied to the stiffening grid s t ress-s t ra in  curve. The skin-layer properties are also 
determined from equations (4) through (8) with the necessary secant and tangent moduli 

determined from figure 6 and with equation (16) used to evaluate eCr. The layer prop- 
erties are input to the shell-of-revolution analysis program, and a buckling stress resul- 
tant is calculated. This loading will not, in  general, agree with the stress resultant from 
the loading-strain curve of the cylinder wall at the assumed strain;  thus, the s t ra in  is 
adjusted appropriately, and the process  is repeated. The buckling s t ra in  sought, normally, 
can be easily obtained in  no more than three iterations of this process. It is important 
to realize that the average strain is used in  this procedure and variation of s t ra in  through 
the wall thickness due to  local wall bending is not taken into account. 

APPLICATION O F  ANALYSIS PROCEDURE 

Test  Specimen 

The isogrid-cylinder tes t  specimen reported in reference 3 is shown mounted to the 
lower portion of the loading fixture in the photograph in  figure 7. The cylinder had a 
3.05-m diameter and was 0.946 m in length. It was assembled from three curved panels 
that were initially machined from flat plates of 2024-T851 aluminum alloy and then roll- 
formed to the proper curvature. The fabrication technique is discussed in  detail in refer- 
ence 1. Note the short  "transition section" at the top edge of the cylinder characterized 
by the square pockets. A s imilar  section occurs at the bottom edge. These transition 
sections were introduced to help distribute the hard-point loading of the longitudinal stiff- 
ening grid members  into the supporting structure.  
the supporting s t ructure  and to which the lower edge of the cylinder is attached, is also 
shown in figure 7. The top edge of the cylinder would be attached to a s imilar  loading ring 
when installation of the cylinder in the tes t  fixture is completed. The loading rings are 
included as par t  of the present shell-of-revolution analysis model to reduce effects of 
unknown boundary conditions. 

A steel  loading ring, which is part  of 

Construction details of the overall  layout of the s t ructure  are shown in figure 8 along 
with detail dimensions. The dimensions shown for  the typical grid-member c ros s  section 
are averaged values from five circumferential stations (station numbers 0, 1, 2, 58, and 
59, ref. 4) in the vicinity of peak axial loading. The cylinder was loaded in bending and 
axial compression so that station 0 is the station at which load peaking was expected and 
stations 1 and 59 are 6' on either side of station 0 while stations 2 and 58 are 1 2 O  on either 
side of station 0. The loading was applied to the cylinder by two heavy end fixtures 
actuated by 24 hydraulic jacks as indicated in the photograph in  figure 9. The hydraulic 
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jacks were programed to apply loads that were proportional to their  distance from the 
plane through which the axis of the test specimen passed. The loading fixtures upon which 
the jack loads acted were an order  of magnitude greater  in  stiffness than the test speci- 
men; thus, it  is assumed that plane sections of the cylinder remained plane during loading. 
The photograph in figure 9 was taken when the test cylinder was under load as indicated by 
the buckled condition of the skin. 

Immediately pr ior  to testing, measurements were taken to obtain an indication of the 
initial imperfection condition of the specimen. The resul ts  are shown in figure 10, where 
the normal imperfection, wo, is plotted as a function of circumferential coordinate, 8, 
in  the vicinity of the cylinder midlength. 

Analytical Model 

The model for  the shell-of-revolution analysis is shown in  figure 11. It is necessary 
to consider only half the length of the shell due to structural  symmetry; thus, the model 
is composed of three longitudinal segments: (1) the isogrid cylinder, (2) the transition 
section, and (3) the steel loading ring. Note that the skin layer  is located within the 
2.48 cm thick equivalent stiffening grid layer  as shown in the inset. A discrete ring with 
section properties of a typical grid member is attached at the isogrid transition-section 
interface. The transition section is treated as a single skin layer stiffened by 180 equally 
spaced, eccentric, longitudinal stiffeners having section properties of, a typical grid mem- 
ber. These stiffener properties are averaged in the analysis. The steel loading ring 
contains 180 equally spaced mild steel  bolts, 0.635 cm diameter and 12.6 threads per  cm, 
whose stiffness properties are also averaged in the analysis. In addition, the eccentricity 
of the bolts is taken into account. The full stiffness of the bolts, based on the elastic 
modulus of 207 GN/m2, cannot reasonably be used in the analysis since resulting bolt 
stresses would be unrealistically high; however, failure of the bolts was not observed 
during the test since the bolts were very short  and loaded in compression. In order  to 
maintain bolt stresses at a reasonable level for mild carbon steel, a reduced modulus is 
used partially to account for  the high plastic s t ra ins  that must have been present. For 
prebuckling stress analysis, bolt stiffness is based on 10 percent of the elastic modulus 
and, for  the buckling analysis, bolt stiffness is based on 5 percent of the elastic modulus. 
Additional calculations made with varying bolt stiffnesses showed resul ts  were insensi- 
tive over a wide range of stiffness values. Classical simple-support boundary conditions 
(including u free and v = 0) a r e  assumed to apply at the edge of the loading ring. Sub- 
sequent calculations were also made for  clamped boundary conditions and showed no sig- 
nificant effect on buckling load. 
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Equivalent Layered-Wall Propert ies  

A compressive s t ress-s t ra in  curve was determined for  2024-T851 aluminum alloy 
by performing a laboratory test of a sample cut from the tes t  specimen. The resul ts  of 
this test are shown by the dashed curve in  figure 12. As indicated in this figure, the 
slope of the l inear portion of the curve was found to be 77.2 GN/m2, a value that is slightly 
greater  than the accepted value of 73.8 GN/m2 for 2024 aluminum alloy. Since the tes t  
specimen cut f rom the isogrid cylinder was smaller  than standard coupon s ize ,  however, 
and the flatness of the edges could not be carefully controlled, it was decided to adjust the 
curve to yield the accepted value of Young's modulus by assuming that the measured 
stress was accurate and any e r r o r  was in measured strain.  It is interesting to note that 
the s t ress -s t ra in  curves given for  2024-T851 aluminum alloy in reference manuals show 
much lower stress levels in the plastic range than the adjusted curve. Thus, i t  is proba- 
ble that during fabrication, the machining of the stiffening grid from solid plate and the 
subsequent rolling to proper curvature work-hardened the mater ia l  to increase its ultimate 
stress capability. 

The equivalent stiffening grid layer behavior under loading is constructed (as dis- 
cussed in connection with fig. 2) with the aid of the solid curve in figure 12 and equa- 
tions (1) and (2), where E in equation (1) is replaced by Esec from figure 12. The 
result  is shown by the short-dashed curve in  figure 13. The elastic-plastic behavior of 
the buckled skin in uniaxial compression is determined with the aid of figure 5 and equa- 
tion (16). This curve is shown by the long-short dashed curve in figure 13. The loading- 
s t ra in  curve for  the equivalent two-layer shell wall is determined by adding these two 
curves and is shown by the solid curve in  figure 13. 

Nonlinear Effects on Inplane Loading 

The maximum inplane stress resultant, N,, for  a cylinder loaded in  bending due 
to moment M and axial compression due to axial load, P, can be calculated with the 
classical  formula: 

The deviation of inplane loading from this classical  value when nonlinear effects occur is 
investigated using the assumption that the s t ra in  remains l inear through a c ross  Section of 
the cylinder (plane sections remain plane) during loading. The resul ts  of this calculation 

M are shown in figure 14 for  the ratio - = 0.5 (the value maintained during the buckling P R  
test of the cylinder). As indicated in  the inset, P acts through the center of the cylinder 
c ros s  section. For  a given P and M the actual N, can be determined from the solid 
curve in figure 14. 
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Prebuckling Strains 

Prebuckling s t ra ins  (s t ra ins  pr ior  to general shell buckling) were calculated with 
the SRA program using secant stiffnesses for each layer determined with the aid of fig- 
u re  13. An indication of the accuracy of the computed load-strain curve (fig. 13) is given 
in figure 15 where the s t ra in  measured on the web of the longitudinal stiffener a t  the loca- 
tion at which maximum inplane loading was expected is compared with theory. Since at 
this location the s t ra in  approaches the average over the wall c ros s  section, the compari- 
son indicates that the constructed load-strain curve adequately represents  the behavior of 
the cylinder. 

The meridional variation of extreme fiber s t ra in  at the inner flange of a longitudinal 
stiffener is shown for two load levels in figure 16. At 47 percent of buckling there  is 
good agreement, although some evidence of wall bending, due to initial imperfections not 
accounted for  in the axisymmetric analysis, is exhibited by the data. At 98 percent of 
the buckling load the strain data clearly indicate that buckling is imminent. The axisym- 
metric stress analysis cannot be expected to predict the antisymmetric character of the 
data. The s t ra in  data oscillate about the theoretical curve, however, indicating general 
agreement if the bending s t ra ins  due to  buckling are ignored. 

Buckling 

Structurally perfect model.- In order  to determine the buckling load it is necessary 
to know the s t ra in  at the load of incipient buckling so that the proper material  properties 
are used. The iteration procedure used is discussed in the present report  in the previous 
section entitled "Calculation of Buckling Load." Buckling is investigated for two different 
loading cases: (1) axial compression, and (2) the actual loading, applied on the test speci- 
men, of combined compression and bending. Since the material  properties must remain 
axisymmetric, the latter analysis was made assuming properties occurring at the extreme 
compression fiber. The method for  determining the buckling load for  the nonlinear region 
of the loading-strain curve is shown graphically in figure 17. The dashed curve is the 
combined loading-strain curve (see fig. 13) for the isogrid cylinder. Buckling resul ts  as 
a function of s t ra in  are shown by the solid curves. The intersections of these curves with 
the dashed curve indicate that the calculated buckling stress resultant and the stress 
resultant f rom the loading-strain curve are identical; thus, the iteration process  has con- 
verged. Note that the predicted buckling load for the case of axial loading is essentially 
the same as that predicted for  the case of bending plus axial loading. 

The short-long dashed curve labeled "Orthotropic cylinder buckling equation" was 
obtained from equations presented in reference 12 in which an exact solution is derived for 
buckling of an orthotropic cylinder with an arbi t rary location-of -reference surface. 
bending-extension coupling and shear  -twist coupling are included. Boundary conditions 

F'u'll 
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a r e  classical  simple supports. For  this analysis the boundary conditions were applied at 
the interface of the s teel  loading ring with the transition section. 
nesses  were calculated as a function of s t ra in  exactly as for the shell-of-revolution anal- 
ysis. 
analysis; the difference is probably due to unrealistic boundary conditions used in the 
simple analysis as well as omission of such details as the discrete r ings and the increased 
stiffnesses of the transition sections. It is true, however, that for simply supported, 
isogrid cylinders the orthotropic -cylinder buckling equation can yield accurate resul ts  for  
s t ra ins  above the proportional limit when used in conjunction with the procedure presented 
herein. 

The orthotropic stiff- 

The prediction is about 5 percent below the resul ts  f rom the shell-of-revolution 

The buckling mode shapes for the actual loading of combined bending and axial com- 
pression applied to the test specimen, considering both symmetric and antisymmetric 
meridional buckle mode patterns, a r e  shown in figures 18 and 19, respectively. The 
calculated buckling load was  found to be cri t ical  for the symmetric mode; however, the 
antisymmetric mode was also investigated since the experimental s t ra ins  shown in fig- 
u re  16(b) indicate a tendency for the shell to  buckle into an antisymmetric meridional 
wave. The calculated buckling load for the antisymmetric mode was  found to be only 
1 percent greater  than that for the symmetric mode. 

Effects of initial imperfections. - The effects of initial imperfections on buckling 
load for the model under uniform axial loading a r e  a lso investigated with the SRA com- 
puter code. The imperfection-sensitivity analytical formulation is based on the method 
of reference 13 and is presented in detail in reference 14. The cylinder is assumed to 
have an axisymmetric imperfection of parabolic shape (negative Gaussian curvature) with 
maximum amplitude occurring at  the midlength of the cylinder and equal to the average 
of the measured imperfections given in figure 10 (0.15 cm). The buckling loads for var i -  
ous values of the circumferential wave number, n, (0 5 n 5 9) as a function of Awo, where 
Awo is the peak deviation of initial imperfection amplitude from the average value, are 
then examined. In this study, the nonaxisymmetric component of the imperfection shape 
is assumed to have the same shape as the buckling mode. The buckle modes where 
5 5 n 5 9 a r e  found to be insensitive to initial imperfections. 
imperfection sensitivity is evident, as shown in figure 20. Since the shell was fabricated 
from three segments, imperfections in harmonics divisible by three could be expected to 
be most dominant, and it is obvious f rom figure 10 that, of such harmonics, n = 9 is 
likely to be the most dominant. As stated earlier,  however, n = 9 is not an imperfection- 
sensitive mode. There a r e  not. sufficient data to make a harmonic analysis of the shape 
shown in figure 10 but, if i t  can be assumed that the n = 3, 6, and 9 components have 
equal amplitudes, then the imperfection-sensitive n = 3 component would have an 
amplitude equal to 1/3 of the maximum deviation from the mean. Using this value of 

For  1 5 n 5 4, however, 

13 



imperfection, a reduction in buckling load of 0.95 could be expected from the imperfec- 
tions of figure 10. 

A similar  analysis was performed for  a model whose equivalent stiffening grid layer  
was assumed to remain elastic throughout the loading range. The buckling load of this 
model corresponded to an n = 7 mode shape and only the eigenvalues corresponding to 
n 2 5 were found to be sensitive to initial imperfections, with the reductions more  severe 
than those shown in figure 20. These resul ts  suggest that initial imperfection sensitivity 
of the buckling load is reduced when plastic deformations are involved. 

An alternate method for accounting for  initial imperfections is available in the NASA 
space vehicle design criteria for s t ructures  (ref. 15) and uses  an empirical  "knockdown" 
factor. For a cylinder with proportions of the model analyzed herein, a knockdown factor 
of approximately 0.65 can be calculated with the equations presented in reference 15, o r  
it may be assumed that the 0.75 knockdown factor, which is recommended in reference 15 
for  cylinders with closely spaced, moderately large stiffeners, applies. In either case 
the knockdown is much more severe than that predicted from the imperfection-sensitivity 
analysis, although it should be noted that the recommendations of reference 15 are based 
on lower l imits of a number of different tests and should be conservative. i 

Applied load 

Comparison of buckling loads.- The analytical buckling loads are compared with 
experiment in  the following table in  which the theoretical values have been adjusted by the 
factor 0.95 to account for  initial imperfections: 

Buckling load, Nx, 
MN/m Analysis 

Orthotropic-cylinder 
buckling equation 

Uniform axial 

Shell of revolution 

0.2 64 

Experiment 

compression 

axial compression 
Bending + Uniform 

0.279 (m = 0) 

0.281 

Bending + Uniform 
axial compression 

0.271 

Nx/Nx,exp 

0.97 

1.03 

1.04 

1.00 

As can be seen, the experimental buckling load is predicted quite accurately by the simple 
analysis as well as by the shell-of-revolution analysis for  either of the two loading cases.  
A reasonable buckle mode shape can be predicted, however, only by the actual loading 
case which includes bending. 
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CONCLUDING REMARKS 

An engineering procedure is presented for  calculating the compressive buckling 
strength of isogrid cylinders loaded beyond the material  proportional limit and/or the 
local buckling load of the skin. The procedure is based on the following steps: 

(1) The isogrid cylinder j s  modeled as a two-layer axisymmetric shell, one layer 
representing the skin and the other representing the stiffening grid system. A third 
"fictitious layer" of zero st iffeners is introduced to provide separation between the two 
layers  and thereby to maintain proper wall-stiffness properties. 

(2) The stiffness of the stiffening grid system is averaged to yield an equivalent 
"stiffening grid layer" isotropic sheet. 

(3) A load-strain curve is constructed for  the stiffening grid layer  loaded beyond the 
proportional limit from the s t ress-s t ra in  curve for the mater ia l  and simple isogrid hand- 
book formulas. 

(4) Stiffnesses are determined for  the stiffening grid layer  in  the plastic range from 
simple formulas based on deformation plasticity theory applied to the constructed stress- 
s t ra in  curve of s tep (3). 

(5) Stiffnesses of the buckled skin are determined from a calculated norllinear 
s t ress-s t ra in  curve derived herein and the same plasticity theory used in s tep (4). 

(6) Shell-wall st iffnesses calculated from the above s teps  are used in  existing shell- 
buckling computer codes o r  closed-form solutions. 

A nondimensional chart  is presented which gives the secant and tangent moduli for  
the buckled skin. This chart  has general applicability and is all that is required over 
simple formulas and standard material-property handbook references for  calculating 
shell-wall stiffnesses. 

Comparison of resul ts  f rom the procedure presented herein with experiment shows 
that: 

(1) The theoretically determined axial wall stiffness agrees  well with experiment. 

(2) The buckling-load prediction (using a shell-of -revolution code in  the analysis 
and accounting for initial imperfections) is about 4 percent grea te r  than experiment. 

(3) Theoretical analysis of the effect of imperfections on shell buckling shows the 
effect to be diminished by plasticity. The excellent agreement with experiment tends 
to confirm this result  since a difference as great  as 25 to 35 percent could be expected 
based on previous test data i f  the shell was elastic. 

Langley Research Center 
National Aeronautics and Space Administration 
Hampton, Va. 23665 
May 18, 1976 
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D e t a i l  A-A X qu iva l  e n t  she 11 iVall 

Typical s t i f f e n e r  
w i th  a t tached  s k i n  

Figure 1.- Modeling of isogrid cylinder as two-layer shell 
for shell-of -revolution analysis. 
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isogrid cylinder. (Dashed portions of curves represent approximations.) 

22 



23 



-?-- 

I 

94.62 

L 
n 

85 

S t e e l  

S t e e l  

loading ring 

lo ad ing 

f 0.095 

Section A-A (typ.) Section B-B (typ.) 

ring 

Figure 8. - Construction details of isogrid cylinder (2024-T85 1 aluminum alloy). 
(Dimensions in cm.) 

24 



2 

i 

N 
I 
D 
c 

A 
% 
P 

25 



0 - a  
M 

ti E 
a, z 
3 

0 k - - c c  a, 
N a 

E 
h u 
.r( 4 

2 
k 
M 
0 
v) 

0 
h 

.r( 

w 

2 %  
a .z 

- m a  r 3 
.r( " *  0 

(I) 
E 
0 

0 
a, w 
k 
a, 

.#-I 
c, 

.r( i? 
d 

.r( 
d 
x 
.fi 
a 
a, 

m =r 
v) 
cd 

- 0  k 

3 

zl 
I 

1--( 

a, 

d 

iz 

- 0  
M M 0 
I 

26 



1.20- 
- 2 . 4 8 1  

a 4  

Plane of symmetry 
E qui Val en t 
stiffening 
grid layer 

41 

h-154R 4 
(ref.) 

Plane of symmetry 
E qui Val en t 
stiffening 
grid layer 

h-154R 4 
(ref.) 

41 34 

47.31 

t.61 

I sogrid 
cylinder 

T 

I 
jteel 
ring 

Transition 
section 

loading 
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Figure 13. - Constructed loading-strain curve fo r  isogrid cylinder. 

29 



P 

400 

300 

100 

P 

3 

0 100 200 3 00 400 

(& 4- 2) ’ 
Figure 14. - Deviation of inplane loading from classical  value 

as a result  of nonlinear effects. 

30 



I Theory ( u n i f o r m  a x i a l  l o a d i n g )  

.004 

EX 

.002 c 
I I 1 1 1 1 1 

0 .2 .4 .6 .8 1 .o 

Nx/N x, e :.:p 

Figure 15.- Comparison of theory and experiment for variation 
of axial strain in stiffener web with inplane loading. (Gage 
No. 1166, see  fig. 16.) 
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Figure 16.- Comparison with test  data of meridional variation of axial s t ra in  
of extreme fiber of inner flange of longitudinal stiffener. (Gage notation 
from ref. 4.) 
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(a) Circumferential mode shape. 

(b) Meridional mode shape. 

Figure 18. - Buckle mode shape for uniform axial compressive loading plus bending. 
Symmetric conditions imposed at s t 0. Buckling N, = 292.1 kN/m. 
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(a) Circumferential mode shape. 

I (b) Meridional mode shape. 

Figure 19. - Buckle mode shape for uniform axial compressive loading plus bending. 
Antisymmetric conditions imposed at s = 0. Buckling N, = 295.6 kN/m. 
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